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Abstract 



In the paper [SomflOj p. 105, Somekawa conjectures that his Milnor K- 
group K(k, Gi, . . . , G r ) attached to semi-abelian varieties Gi,. . . ,G r over 
a field k is isomorphic to Ext^ (Z, Gi[— 1] ® . . . ® G r [— 1]) where M h is 
a certain category of motives over k. The purpose of this note is to give 
remarks on this conjecture, when we take Mk as Voevodsky's category of 
motives DM_ cff (k) . 
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Introduction 

To unify the Moore exact sequence and the Bloch exact sequence, K. Kato 
defined the generalized Milnor if-groups attached to finite family of semi- 
abelian varieties over a base field k in Som90|. (See also jAkhOOj . |Kah92| .) 
That is, for semi-abelian varieties G\, . . . ,G r over fc, he associated the group 
K(k, Gi, . . . , G r ). (For precise definition, see ll.4|l This group is a generalization 
of the Milnor A"-group as the following example shows. 

Example 0.1. In the notation above, if G\ — G2 = ■ ■ ■ = G r = G m , the 
following equality holds. 

K(k,& m ,...,G m )=K™(k) 
On the other hand this group is also a generalization of the Bloch group V. 

Example 0.2. Let C be a projective smooth curve over k such that C(k) ^ tj>. 
We have the following equality 

K(k,3acC,G m ) = V(C). 

where V(C) is defined by S. Bloch (c.f. |Blo81j ) as the following way 

Kcr( © k(x) x K ^ )/ "k x ) 

V(C) = — - ecl @g . 

Im(K 2 (K(C)r^ © fc(x) x ) 

As is explained in Som9Q], there is the generalized Bloch-Moore exact sequence. 

0.3. Let k be a number field and A a semi-abelian variety over k. We write 
G = Gal(k/k) and G v = Gal(k v /k v ) for a place v. Let T(A) be the Tate 
module of A. S is a finite set of places including all Archimedian and places 
where A has bad reduction. Then T(A)c is a finite group by owing to KL81 . 
Let m be a nonzero integer divisible by the order of T{A)q. Somekawa proves 
the following generalized Moore-Bloch exact sequence (c.f. |Som90| Theorem 
4.1): 

K(k, A, G m ) -> 0T(i) G „ © ®K{k v ,A v , G m )/m ^ T{A) G 

v<£S v£S 
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In the case of A = G m , the above exact sequence is proved by Moore (c.f. 
|Moo6Hp 

Ka(fc) f i{k v ) -> -» 0. 

u:not complex 

In the case of A = Jac C in the notation in 10.21 the above exact sequence is 
proved by S. Bloch, K. Kato and S. Saito (c.f. \BloHl\ . [KS53| 1 

V ( C ) ^0 T (J ac ^)c. ®($V(C x k k v )/m^T(Ja,cC) G 0. 

In |Som90j . Somekawa conjectures that the Somekawa i^-groups should be mo- 
tivic cohomology groups attached to semi-abelian varieties. More precisely 

Conjecture 0.4. (Somekawa conjecture) 

Let G\,. . . ,G r be semi-abelian varieties over k, then K (k, G\, . . . , G r ) is iso- 
morphic to Ext^ (Z, G\ [— 1] <g> . . . (g> G r [— 1]), where M.^ is a certain category 
of motives over k and Gj[— 1] means 1-motif (c.f \Del7W - 

In this paper we will examine this conjecture, if we take Aik as Voevodsky's 
category of motives DM (k) . 

Main Theorem 0.5. (Somekawa conjecture for Jacobian varieties) 

Let (Gi, ai), . . . , (G n , a n ) be pointed projective smooth curves over perfect field 

k which admits resolution of singularities. Then 

K(k,3acCx, . . . , JacG„) ^ Hom DM off( fe )(M gm (Specfc),Z( A (Gj, ai))[n]). 

i—l 

0.6. In this paper, let k be a perfect field which admits resolution of singularity. 

1 Milnor 1^-groups attached to semi-abelian va- 
rieties 

1.1 Extension of valuations and tame symbols 

1.1. Suppose k is a field and G is a semi-abelian variety defined over k, that 
is, there is an exact sequence of group schemes (viewed as sheaves in the flat 
topology) over k: 

O^T^G^A^O 
where T is a torus and A is an abelian variety. 

1.2. In the notation above, let K/k be an algebraic function field and v a place of 
K/k. Let L/K v be a finite unramified Galois extension such that Tx^F G m n 
for the residue field F of L and some n; let w be the unique extension of v of 
L. We obtain the following commutative diagram of exact sequences defining a 
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map r w = (r^, . . . ,r™); 





T(O w ) > G(O w ) A(O w ) ^ 

i 

T(L) G(L) ^ A(L) >- 

ord„ r M = (ri,,...,r2) 

Z" 1 ^—>-z n 

" 



1.3. In the notation above, we are going to construct a map 

d v :G(K v )®Kf -G(fc(v)). 

Fix 5 G G(K V ) and /i G if* . For each i = 1, . . . , n, we define /ij G T"(L) to be 
the n-th tuple having ft in the i-th coordinate and 1 elsewhere. Then set 

S(g, ft) = ((-l)° r d„Wri,( 9 ) 5 _ _ _ ^ (_!)ord«,(fc)r;(fl)) g T ^ c £(0^) 

and 

n 

0„( ff , ft) = ft)<T d » W J] ^ r ™ (9) 6 G(O w ). 

i=l 

We define the "extended tame symbol" d v (g,h) to be the image of d v (g,h) 
under the canonical map G(O w ) — > G(F); Then d v (g,h) is invariant under the 
action of Gal(F/fc(i;)), so that it belongs to G(k(v)). This definition of d v is 
independent of the choice of L and of the isomorphic from the torus to G m e ". 

1.2 Definition of the Milnor FJ-groups attached to semi- 
abelian varieties 

1.4. Let k be a field and G\, . . . , G r a finite (possibly empty) family of semi- 
abelian varieties defined over k. We define Milnor F-groups attached to semi- 
abelian varieties K(k, G\, . . . , G r ) as follows. If r = 0, we write K(k, <j>) for our 
groups and set K(k, (f>) = Z. 

For r > 1, we define 

K(k,G u ...,G r ) = F/R 

where 

F = Gi(-B)®..-®G r (£;) 

i?//c:fiiiite 
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and R C F is the subgroup generated by the relation R1-R2 below. 

Rl For any finite extensions k E\ E%, let 6 G; (i?2) and gi G Gi{E\) 
for i 7^ «0j the relation 

0*(ffi) ® ... ® ffio ® ... ® 0*(ffr))E 2 - (ffi ® • ■ • ® N B2/Sl (^ ) <g> . . .®g r ) El 

(Here 'Ne 3 /e 1 denotes the norm map on the group scheme G; ) 
R2 For every algebraic function field K/k and all choices <?, G Gi(K), h G 
such that for each place t> of K/k, there exists «(t>) such that gi G Gi(O v ) for 
all i ^ ?(^), the relation 



Here <?i(i>) G Gi(k(v)) (i ^ denotes the reduction of gi G O v modulo m v 
and d v (gi( v \, h) is the extended tame symbol as defined in ll.3l 
The class in F/R of an element a\ (8> • • ■ <8 a r G G\(E) ® . . . ® G r (E) will be 
denoted {oi, . . . ,a r } B/fc . 

Remark 1.5. By the relation Rl, if is a fc-isomorphism E\ — > £^2, then 
{51, . . . ,g r }E 1 /k = {<l>*(gi), 0*(5r)}s 2 /fc- This shows that symbols form a 
set. 

2 Triangulated categories of motives 

In this section, we will briefly review the definition of the triangulated categories 
of motives, (c.f. |TriCa| '). 

2.1 Triangulated category of effective geometric motives 

First we will review the construction of the category of geometric motives. 

2.1. 1. Let Sm /k be the category of schemes which are separated smooth, and 
of finite type over k. 

2. Recall the definition of the category SmCor(fc): its objects are those of 
Sm /k. The set of morphism from Y to X is given by the group Cor(F, X) of 
finite correspondences from Y to X, defined as the free abelian group on the 
symbol (Z) , where Z runs through the integral closed subschemes of Y x & X 
which are finite over Y and surjective over a connected component of Y. We will 
denote the object of SmCor(fc) which corresponds to a smooth scheme X by [X]. 

2.2. The category SmCor(fc) is an additive category. Consider the homotopy 
category H fc (SmCor(/c)) of bounded complexes over SmCor(fc). Let T be the 
class of complexes of the following two forms: 

1. For any smooth scheme X over k the complex 




( gi (v) ® . . . <8> d v (g i(v) ,h) ® . . . ® g r (v)) k (v)/k 



[X x Aj] 



li \pri] 



[X] 
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belongs to T. 

2. For any smooth scheme X over k and an open covering X — U U V of X the 
complex 

[UnV] iMM [U]®[V] Mffi t M) [ X ] 

belongs to T . (here ju, jvi iiii iv are the obvious open embeddings.) 

Denote by T the minimal thick subcategory of 7i h (SmCor(fc)) which contains 

T. 

The triangulated category DM*(fc) of effective geometric motives over k is the 
pseudo-Abelian envelope of the localization of H b (SmCor(k)) with respect to 
the thick subcategory T. We denote the obvious functor Sm/k —> DMg^(fc) by 
M gm . 

2.3. For a pair of smooth schemes X, Y over k, we set 

[X] <g> [Y] := [1x7], 

For any smooth schemes X±, Y\, X 2 , Y2 the external product of cycles defines 
a homomorphism: 

Corpd, Yi) ® Cot(X 2 , Y 2 ) Cor(Xi x X 2 ,Y 1 x Y 2 ) 

which gives us a definition of tensor product of morphisms in SmCor(fc). This 
structure defines in the usual way a tensor category structure on TL h (SmCor(fc)) 
which can be descended to the category DM^(fc) by the universal property of 
localization. 

Note that the unit object our tensor structure is M gm (Spec k). We will denote 
it by Z. 

Example 2.4. Let x, y : Spec k — * P£ be two fc-rational points. Then M gm (:r) = 
M gm (y) : M gm (Spec£:) -> M gm (pi). 

Proof. We take an affine open set t — > which contains x and y. That is, 
there are x,y : Spec A: — > A£ such that x = j o x and y = j o y. Then we 
have M gm (x) = M gm (j) o M gm (x) = M gm (j) o M^^)- 1 = M gm (i) o M gm (y) = 
M gm (y), where p : Ajj. — > Specfc is the structure morphism. □ 

2.2 Triangulated category of effective motivic complexes 

To study the fundamental property of DM^(fc), Voevodsky uses sheaf theoretic 
method in |TriCa| . More precisely, he constructs another category DM° ff (fc) 
using a sheaf category and he proves DM^(fc) admits a natural full embedding 
as a tensor category and a triangulated category to the category DM° ff (k) . We 
will review the construction of DM° ff (k). 

2.5. 1. A presheaf with transfers on Sm jk is an additive contravariant functor 
from the category SmCor(fc) to the category of abelian groups. We denote by 
PST(fc) the category of presheaf with transfers on Sm jk. 
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2. A presheaf with transfers on Sm /k is called a Nisnevich sheaf with transfers if 
the corresponding presheaf of abelian groups on Sm/k is a sheaf in the Nisnevich 
topology. We denoted by ShvNi s (SmCor(/c)) the category of Nisnevich sheaves 
with transfers. 

Example 2.6. For any smooth scheme X over k, a presheaf Z tr (A) :— Cor(?, A) 
is a Nisnevich sheaf with transfers on Sm jk. (c.f. [TriCaj Lemma 3.1.2). 
For a fc-rational point x : Spec k — > A, we put 

Z tT (X,x) := Coker(Z tr (SpecA;) Zt 4- x) Z tr (X)). 

2.7. 1. A presheaf with transfers f 1 is called homotopy invariant if for any 
smooth scheme X over k the projection X x Ajj. — > A induces the isomorphism 
F(A) -» F(A x Aj). _ 

2. A Nisnevich sheaf with transfers is called homotopy invariant if it is homotopy 
invariant as a presheaf with transfers. 

2.8. ShvNis(SmCor(£;)) is an abelian category, (c.f. [TriUaj Theorem 3.1.4) In- 
side the derived category Z?~(ShvNi s (SmCor(fc))) of complexes bounded from 
above, one defines the full subcategory DM_ cff (k) of effective motivic complexes 
over k as the one consisting of objects whose cohomology sheaves are homotopy 
invariant. This subcategory is triangulated. (Need the assumption of perfect- 
ness of k.) (c.f. [TriCaj Proposition 3.1.13). 

2.9. 1. Let F be a presheaf with transfers. There is a canonical surjection of 
presheaves 

Z tr (A) - F. 
(x,xeF(x)) 

Iterating this construction we get a canonical left resolution C(F) of F which 
consists of direct sums of presheaves of the form Z tr (A) for smooth schemes X 
over k. 

2. We set for two smooth schemes X,Y: 

Zt t {X) ® Z tr (F) :=Z tr (A x Y) 
and for two presheaves with transfers F, G: 

F®G :=R (£{F)®£{G)). 

3. This construction provides us with a tensor structure on the derived category 
D-(Shv Nis (SmCor(fc))). 

To define the tensor structure on DM° ff (fc), we will need an alternative descrip- 
tion of DM? ff (fc). 

2.10. Let A* be the standard cosimplicial object in Sm/k. For any presheaf 
with transfers F on Sm/k let C*(F) be the complex of presheaves on Sm/k of 
the form C n (F) = Horn (A", F) with differentials given by alternated sums of 
morphisms which correspond to the boundary morphisms of A* . This complex 
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is called the singular simplicial complex of F. 
The following properties are fundamental. 

1. If F is a presheaf with transfers (resp. a Nisnevich sheaf with transfers) then 
C* (F) is a complex of presheaves with transfers (resp. Nisnevich sheaves with 
transfers). 

2. For any presheaf with transfers F over k, the cohomology presheaf hi(F) 
of the complex C*(F) and its Nisnevich sheahcation hf ls {F) are homotopy 
invariant. (Need the assumption of perfectness of k.) (c.f. |TriCa| Lemma 
3.2.1). 

3. In view of 1. and 2., C*(?) is a functor from the category of Nisnevich sheaves 
with transfers on Sm/k to DM" ff (fc). 

Proposition 2.11. (c.f. ITriCaSj Proposition 3.2.3) 
The functor C*(?) can be extended to a functor 

TIC : D-(Shv Ni8 (SmCor(fc)) -> DM? ff (fc) 

which is left adjoint to the natural embedding. The functor 1ZC identifies DM. (k) 
with localization of D - (ShvNi S (SmCor(fe)) with respect to the localizing subcat- 
egory A generated by complexes of the form 

z tT (x x a£) Ztr ^ ri) MX) 

for smooth schemes X over k. 

2.12. 1. In the notation above, A is a (g)-ideal, that is, for any object T of 
D~(ShvNis(SmCor(fc)) and an object S of A the object T <g> 5 belongs to A 
(c.f. |TriCa| Lemma 3.2.4). 

2. We define tensor structure on DM° ff (fc) as the descent of the tensor structure 
on D~(ShvNis(SmCor(fc)) with respect to the projector 1ZC. Note that such a 
descent exists by the universal property of localization and 1. 

Theorem 2.13. (c.f. ]TriCaf Theorem 3.2.6) 

There is a commutative diagram of functors of the form such that the following 
conditions hold: 

W b (SmCor(fc)) i- Z)-(Shv Nis (SmCor(fc)) 

nc 

DM^(fc) * ^ DM_ cff (fc) 

1. The functor i is a full embedding with a dense image. 

2. For any smooth scheme X over k the object 1ZC(L(X)) is canonically iso- 
morphic to the C»(Z tr (X)). 

3. All functors preserve tensor and triangulated structures. 
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Example 2.14. Let x : Spec A; — > X be a fc-rational point of a smooth scheme 
X. Then we have an identification 

M (r) 

C*(Z tI (X, x)) -> Cone(M gm (Spec k) ^ ' M gro (X)) 

defined by 



ZtrC-X", X) _ 

2.3 Motives with compact support 

In this subsection, we will briefly review the notation and fundamental result of 
EHBB, |kel(Jy| and fl!ri(Jaj . 

2.15. For any scheme of finite type X over k and any r > we denote by 
-2oqui(^, r) the presheaf on the category of smooth schemes over k which takes a 
smooth scheme Y to free abelian groups generated by closed integral subschemes 
Z of X x Y which are equidimcnsional of relative dimension r over Y. 

This presheaf has the following property. 

1. Z cqu i(X, r) is a sheaf in the Nisnevich topology. 

2. It has a canonical structure of a presheaf with transfers. 

3. The presheaf with transfers Z cqu [(X, r) is covariantly functorial with respect 
to proper morphisms of X by means of the usual proper push-forward of cycles. 

4. It is contravariantly functorial with an appropriate dimension shift with 
respect to flat equidimensional morphisms. 

5. There is a pairing 

x : Z cqui (X, r) ® Z cqui (X', r') -> Z cqui (X xX',r + r') 
of presheaves.: 

Let U be a smooth scheme over k. For any pair of integral closed subschemes 
Z C X x U, Z' C X' x U equidimcnsional over U. Sending Z, Z' to the cycle 
associated to the subscheme Z Xjj Z' C X x X' x U determines a pairing. 

6. (Need the assumption of ll).6l ) The flat pull-back morphism induces a quasi- 
isomorphism 

C*(Z cqui (X,0)) -» C*(Z cqui (X x A n ,n)). 

2.16. For any scheme of finite type over k the object C^(Z cqu \(X, 0)) belongs to 
DM_ eff (fc). Moreover it belongs to DM^(fc). (Using the assumption EH (c.f. 
|l'riCa| . Corollary 4.1.6). We will denote M c gm (X) := C*(Z cqui (X, 0)) and call 
it a motivic complex of X with compact support. 

Since Z tr (X) is a subsheaf of Z cqu \(X, 0), the inclusion morphism induces the 
natural morphism M gm (X) — > M gm (X). 

The following properties are fundamental, (c.f. |TriUa| . Proposition 4.1.5, 
Proposition 4.1.7) 



Z tr (Spec/e) 

ZtrO) 
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1. If X is proper then the canonical morphism M gm (X) — > M gm (X) is the iso- 
morphism. 

2. (Need the assunrption lO.61 ') Let Z be a closed subscheme of X. Then there 
is a canonical distinguished triangle of the form 

M^ m (Z) - M^ m (X) - M^(X - Z) - M^ m (Z)[l]. 

3. For X, Y of finite type over fc, the pairing Z equ [(X, 0) ® Z cqui (F, 0) — > 
-2equi(-^ x fe Y, 0) induces an isomorphism 

M c gm (X) ® M gro (y) ^ M| m (Jf Xfe Y"). 
2.4 Tate object 

2.17. For any smooth scheme X over fc, the morphism X — > Specfc gives us a 
morphism in DM g ^(fc) of the form M gm (X) — > Z. There is a canonical split 
distinguished triangle 

M^(X) -» M gm (X) -f Z -f M^(X)[1] 

where M gm (X) is the reduced motif of X represented in 7i b (SmCor(fc)) by the 
complex [X] — > [Specfc]. 

Example 2.18. In the notation above, for any fc-rational point a: : Spec fc — > X, 
we have the canonical identification M gm (X, x) —> M gm (X) as the following way. 



M 
p 

[Spec fc] 

where p : X — » Spec fc is the structure morphism. 

a; : Spec fc -> X defines splitting M gm (X) ^ M gm (X, x) ® Z. 

2.19. We define the Tate object Z(l) of DM^(fc) as M^(P x )[-2]. We further 
define Z(n) to be the n-th tensor power of Z(l). 
For any object A of DM g * (fc) we put 

A(n) = A ® Z(n) 

,4{n} =A®Z(n)[n] 

A((n)) = A® Z(n)[2n]. 

By Example 12. 181 for any x : Specfc — > P^, we have the canonical isomorphism 
M gm (pi, a; )^Z((l)). 



[Spec fc] 



id — M gm (xop) 
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2.20. Let x : Spccfc — > f\ be a /c-rational point. Comparing the following split 
distinguished triangles 

M gm (Spec/c) M^JP 1 ) ^ NEL^A 1 ) ^ M| m (Specfc)[l] 



id 



i.i 



id 



M gm (Specfc]— -^M gm (pi) -Z((l)) ^M gm (Specfe)[l], 

where M gm (P£) -> Z((l)) is defined by 

M gm (pi) ^M gm (P 1 ,x)^Z((l)), 

can 

we know that there is a natural isomorphism Z((l)) M°(A ). It does not 
depend on the choice of a fc-rational point by Example 12*41 Similarly using 
Mayer- Vietoris sequence for canonical covering of T\ , we know also that there 
is a natural isomorphism Z{1} Mg^A 1 — {0}). 

2.5 The triangulated category of geometric motives 

In this subsection, we will define the triangulated category DM gm (fc) of geomet- 
ric motives over k. 

2.21. 1. We define the category DM gm (fc): its objects are pairs of the form 
(A, n) where A is an object of DM g J 1 (fc) and n £ Z and morphisms are defined 
by the following formula 

Hom DM ( k )((A,ri),(B,m)) := lim Hom DM ef f , k) (A(k + n), B(k + to)). 

k>—n,—m 3 

2. The category DM gm (fc) with the obvious shift functor and class of distin- 
guished triangles is a triangulated category. 

3. The permutation involution on Z(l) £g> Z(l) is identity in DM g ^(fc). (c.f. 



jTriCaj Corollary 2.1.5) 

4. Using the fact of 3. and general theory, DM gm (fc) has a natural tensor struc- 
ture. 

Theorem 2.22. (c.f. \Voe02j The cancellation theorem) 

(Need the assumption of perfectness of k.) For objects A, B in DM g J 1 (fc) the 
natural map 

?®id Z (i) : Hom DM cft (fc) (A,£) -> Hom DM gt (fc) (.4(1), B(l)) 
is an isomorphism. Thus the canonical functor 

DM^(fc) -» DM gm (fc) 

is a full embedding. 
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3 Various morphisms between motives 

In this section, we will briefly review |TriHal and PotHe] 



3.1 Transpose for finite equidimensional morphisms 

3.1. Let X, Y be smooth schemes over k and / :I->7a finite equidimensional 
morphism. Then we have the transpose of f, l f:Y^X in SmCor(fc). That is 
s(Tf) S HomsmCor(fc) (Y, X) , where s : X xY ^ Y x X is the switch morphism. 

Example 3.2. Let L/K/k be finite field extensions. Then we have a canonical 
morphism i : Spec L — > Specif. Hence we get M gm (*i) : M gm (Spec K) — ► 
Mg m (SpecL) in DM gm (fc). We shall write this map as Nl/k because there is 
the following commutative diagram 



Hom(M gm (Spec L),Z{nfj ■ 



Hom(N l/K ,Z{n}) 



Hom(M gm (Spec K),Z{nJ) 



K™{K). 



(c.f. BKcon Lemma 3.4.4. See also Theorem 15. 1611 



3.2 Pull back for flat equidimensional morphisms 

3.3. Let X, Y be smooth schemes and / : X — > Y a flat equidimensional 
morphism of relative dimension n. Then one can define a morphism /* : 
M gm( y ) 0)) -> MgmPO as follows. (This is slightly different from the def- 
inition in I'l'riCaj Corollary 4.2.4). 

C*(Z equi (Y XA",0)) 

a(z cqui (x x A r ») 

C,(Z equi (X,0))=M^ m (X) 
where every quasi-isomorphisms are induced from flat pull backs. 



M< (Y)((n)) 



C„(/xid An )* 



3.4. The following properties are easily proved. 

1 In the notation above, if / is an open immersion, this morphism coincides 
with the canonical morphism M^ m (Y) — > Mg m (X). 

2 In the notation above, if X and Y are proper over Spec k and / is flat finite 
equidimensional, then MgmC/) = /*. (c.f. MotGc Lemma 1.1.2) 

3 Let X, Y and Z be smooth schemes and f : X — * Y, g : Y ^ Z flat 
equidimensional morphisms of relative dimension n and m respectively. Then 
we have /* o g*((m)) = (g o /)*. 

Lemma 3.5. 

Let p : A£ — > Specfc &e £/ie structure morphism. Then p* : Mg m (Spec fc)((l)) = 
M gm (Aj^) — > M gm (Aj^) coincides with id M c (a*)- 
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Proof. By definition fSee !3.3|) , 

p* = a(Z cqui (Ai,0)) C *^T J) a(Z cqui (A2, 1)) (c * (p 4 )rl C,(Z cqui (Ai,0)) 



where pri,pr2 are two projections W\^V r 2 ■ A 2 — > A£. We assert that two 
projections pr\,pri induce the same morphism pr\ = pr\ : C*(Z oqu i(Aj^, 0)) — > 
C»(Z cqui (A2„ 1)) in DM_ off (fc). Since 

1 



/"'! = \ 1 q I /"'J- 

it suffices to prove that the action of GL2(fc) on A| induces trivial action on 
C(Z cqui (A 2 , 1)) in DM° ff (fc) by flat pull back. On the other hand GL 2 (fc) is 

generated by the elements of conjugate of ^ ^ . For A = ^ ^ GL2(fc), 
considering the following diagram 

a(z equi (A|, i)) -^U a(z cqui (A2, i)) 
a(z oqui (Ai,o)) — ^a(z oqui (Ai,o)), 

we get the result. □ 
3.3 Motives with closed support 

3.6. We call (X, Z) a closed pair if X is a smooth scheme over k and Z is a closed 
subscheme. If Z is smooth over k, we call (X, Z) a smooth pair. We call a pair 
of morphisms of scheme (/, g) : (Y, T) — ► (X, Z) a morphism of closed pair if a 
commutative square T >■ X is a Cartesian square as underlying topolog- 




ical spaces. Such a morphisms called Cartesian (resp. excisive) if the diagram 
above is a Cartesian square (resp. / is etale and g re d is an isomorphism.) 

3.7. Let X be a smooth scheme and U its open subset. Then we define 

M gra (X/U) := C*(Coker(Z tr ([/) Z tr (X))). 

For any closed pair (X, Z), we define relative motif associated (X, Z) by Mz(X) := 
M gm (X I X — Z). By definition there is a canonical distinguished triangle of the 
form 

M gm (X - Z) Mg A 0) M gm (X) t M Z {X) -» M gm {X - Z)[l]. 

where i : Z > X is a closed immersion and j : X — Z <—> X is an open 
immersion. 
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3.8. For any morphisms of closed pair (/,<?) : (Y,T) — > (X,Z), we associate 
a morphism (/,<?)* : Mt(7) — > M^(X) which makes the following diagram 



commute 



0- 



-M gm (y-T) 

M sn ,(h) 

-M gm (X-Z) 



M gm (y) 



M gm (/) 



gill 



(X) 



■M T (Y) - 
(/,<?), 
■M z pO- 







where ft, : Y — T^X — Z is a induced morphism from /. 

3.9. In the notation above, if / is finite equidimensional, we associate a mor- 
phism (f,g)* : Mt(Y) — > Mz(X) which makes the following diagram commute 







M gm (y-T) 



0- 



M gm (X-Z) 



^M gm (r) 

M gm ('/) 
-^M gm (X) 



M T (Y) - 
U,aT 
M Z (X)- 







0. 



Proposition 3.10. (c./. UntMof Proposition 2.3) 

(Red) Reduction: If{X, Z) is a closed pair, the canonical morphism {X, Z rec i) — > 
(X, Z) induces identity map Mz red (X) — » Mz(X). 

(Add) Additivity: Let X be a smooth scheme, and Z, W disjoint closed sub- 
schemes of X . Then induced morphism M^jj w{X) —* Mz(J) Q)Mw(X) is an 
isomorphism. 

(Exc) Excision: Any excisive morphism (Y,T) — > (X,Z) induces an isomor- 
phism M T (30 -» M Z (X). 

(MV) Mayer-Vietoris: Let X be a smooth scheme over k, U and V two open 
subsets of X such that X = U U V, and Z a closed subscheme of X . Then we 
have a distinguished triangle of the form 



M znunv (u nv)^ M znu (U) © M ZnV (V) M Z (X) ±i 

(Htp) Homotopy invariance: A Cartesian morphism ir : (A^,A^) 
induced from the canonical projection induces an isomorphism 

M gm (7r) : M A i (Ax) — > M Z (X). 



(X,Z) 



3.4 Thorn isomorphism 

3.11. Let X be a scheme and E/X a vector bundle. We consider X as a 
closed subscheme of E by zero section. We define the Thorn motif of E/X by 
M sm (ThE) := M X (E). 

3.12. In the notation above, if rank of E is n, there is the Thorn isomorphism 
9(E) : M gm (ThE) ^ M gm (X)((n)). We will briefly review the construction of 
this isomorphism. 
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3.13. Let X be a smooth scheme and Ax :X->Xx ^X the diagonal immersion. 
Let M, Af be objects of DM_ off (k) and 

a : M gm (X) -» 

/? : M gm (X) -> TV 

are morphisms in DM° ff (fc). 

We define external cup product of a and f3 over X is composition of the following 
morphisms 

M gm (X) Mg ™i> Ax) M gm (X) ® M gm (X) M®Af. 
We denote this morphism by a Mx f3 or a M (3 

3.14. In the notation above, if A4 = Z((m)) and A/" = Z((n)), then we have the 
canonical isomorphism e : Z((m)) ® Z((n)) Z((m + n)). 

We put aU/3 := e o a [3 /3 and call it internal cup product of a and /3. 

3.15. There is a natural isomorphism as a presheaf with transfers (c.f. [MotGej 
Corollary 2.2.7) 

ci : Pic(?) - Hom DMgmW (M gm (?),Z((l))). 

For any smooth scheme X and C 6 Pic(X), we will call c\(C) a motivic Chern 
class of C. 

3.16. Let X be a smooth scheme, E a vector bundle over X of rank n, Xe the 
canonical invertible sheaf on P(E) and p : F(E) — > X the canonical projection. 
We define the r-th motivic Lefschetz projector of E by 

Z r (£) := ci(A B ) Ur H M gm (p) : M gm (P(£)) -» M gm (X)((r)) 

We put the motivic Lefschetz operator as 

:=£>(25)- 

Proposition 3.17. (c./. 'TriCal Proposition 3.5.1) 
In the notation above, the morphism 

n-1 

Z(£):M gm (P(£))^®M gro (X)((r)) 

is an isomorphism. 

3.18. Let X be a smooth scheme and -E/X a vector bundle of rank n. Put 
E := E Xx A x . Then we have the canonical isomorphisms 

M gm (ThE) i M X (¥(E)) ^ M gm (¥(E)/F(E)). 
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The first morphism is induced from an open immersion E — > P(2?) which is an 
isomorphism by (Exc). The second morphism is induced from the projection 
F(E) — X — > P(E) which is an isomorphism by (MV) and (Htp). From this 
isomorphisms, we get the following distinguished triangle 

M gm (P(£)) -» M gm (P(£)) ^ M gm (ThE) ±1 . 

Using this distinguished triangle and Proposition 13.171 we get the following 
isomorphism 

n - _i 

M gm (X)((n)) - M gm (X)((r)) K£ l M sm (¥(E)) ^ M gm (T^). 

r=0 

We call the inverse of this isomorphism the Thorn isomorphism and denote it 
by 9(E). 



3.5 Normal cone deformation 

3.19. Let (X,Z) be a smooth pair of pure codimension c over k such that 
dimension of X is n. We will write BzX by the blow up of X in Z. Put 
DzX := Boxz(A 1 x X) — BzX. There are canonical isomorphisms 

Mz(X) -> M Ai «- M gm (T/iiV z X). 
Hence we get the isomorphism Mz(X) — > M gm (T/i./VzX). 



3.6 Gysin triangles 

3.20. Let (X, Z) be a smooth pair of pure codimension c over k and i:Z-iXa 
closed immersion. In IntMo , Dcglisc constructs the following functorial Gysin 
triangle in DM gm (fc) 

M sm (X -Z)^ M gm (X) ^ M gm (Z)((c)) 9x 4 [1] M gm (X - Z){1]. 
This is constructed from the following distinguished triangle 

M gm (X - Z) - M gm (X) -» M Z (X) -» M gm (X - Z)[l] 
and the following isomorphisms 

M Z (X) ^ M gm (T^(iV z (X))) e(JV 4 X)) M gm (Z)((c)) 

where the first isomorphism is induced from the normal cone deformation. 

3.21. Let (/, g) : (Y, T) — > (X, Y) be a morphism of closed pairs. We assume Z 
(resp. T) is connected and smooth over k of codimension n in X (resp. m in 

n 
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Then we define Gysin morphism associated to (f,g), denote (/, g)\ by the fol- 
lowing commutative diagram: 



M T (Y) 
(f,g), 
M Z (X) 



^ Msm (Th(N T Y)f ( -^l M gm (T)((rn)) 



(i) 



M gm {Th(N z X)) 



6{N Z X) 



(f,9h 



M gm (Z)((n)) 



where morphisms (1) are isomorphisms induced from the morphisms of normal 
cone deformations. 

3.22. In the notation above, consider i : Z X, j : X — Z—>X,k:T—>Y and 
I : Y — T — > T the canonical immersions. The following diagram is commutative: 



M gm (F - Tf-^L M gm (y) k -l M gm (T)((m)) 



•,t[1] 



M gm (fc) 

M gm (X - ZYf 



M gm (/) 



M gm (X) 



(/,»). 



■M gm (Z)((n)) 



M gm (r-T)[i] 

M gm (h)[l] 

M gm (X-Z)[l] 



Lemma 3.23. Let x : Spec A: — > Aj|; 
following diagram is commutative. 



P 1 6e a k-rational point. Then the 
M gm (P 1 ) !-~M gin (Specfc)((l)) 



M 



gm\ 



,1) 



where the vertical isomorphism M gm (Spec fc)((l)) — > M gm (Aj) is defined in \2.2(A 
Proof. It is just a matter of considering two split distinguished triangles below 



•M gm (pi) 



^-*M gm (Specfc)((l)) 



Mg m (Ai) — 

Mgm(p) 

M g m(Specfc) — — >- M gm (pi) ^ M^ m (Ai) 

where the commutativity of 1 follows from Example [231 



M gm (Ai)[l] 

Mgm(p)[l] 



M gm (S P ecfc)[l] 



□ 



3.24. In the notation above, if / is finite equidimensional, then we define (/, g)' 
by the following commutative diagram: 



M T (Y) ■ 
(f,g)' 
M Z (X) 



(1) 8(N T Y) 

X?M gni (Th(N T Y)) L^i M gm (T)((m)) 



(i) 



M gm (Th(N z X)) 



9{N Z X) 



(/,<?)' 



M gm (Z)((n)) 
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where the morphisms (1) are the isomorphisms induced from the morphisms of 

normal cone deformations. 

The following diagram is commutative: 

M gm (F - T ) M -^L M gm (F) — ^ M gm (T)((m)) ^^M gm (Y - T)[l] 



M gm (*h) 
Mgm(X - Z)- 



M gm (V) 



.0) 



M gm (X). 



(/,9) ! 



M gm (Z)((n)) 



M sm (h)[l] 



M gm {X-Z)[l] 



Proposition 3.25. (YMotXltf Proposition 2.5.2) 
In the notation above, if (/, g) is Cartesian, then 

(/, 5 ) ! =M gm (* 3 )((m)). 



Next we cite the some proposition in [MotGej . This is needed to prove that the 
motivic reciprocity law implies the Weil reciprocity law for Milnor if-groups. 

3.26. Bv l2.2UI we have the following distinguished triangle 

Z -» Mp^Gn.) ^ Z{1} ±i 
where Z — > M gm (G m ) is induced from the unit morphism Spec A: — > G m . 



Proposition 3.27. (c./. IMotGef Proposition 2.6.6) 

Let {X, Z) be a smooth closed pair of codimension 1. FFe denote i : Z — > X a 

closed immersion and j : X — Z — > X a canonical open immersion. 

Suppose there is a regular function ir : X — > Aj, which parameterizes Z . Hence 

we have a morphism n = n\x-z : X — Z ^ G m . TTien i/ie following diagram is 

commutative 



M gm (Z){l} 

M gm (i){l} 

M gm (X){l} 



M gm (X-Z) 

M gm (7r)opiKlidM gm (x-z) 



M gm (X - Z){1}. 



4 Motivic cohomology groups attached to pointed 
smooth curves 

4.1 Definition 

4.1. For pointed smooth curves (Ci, xi),. . . ,(C r , x r ) over field k, we define a 
motivic complex Z((Ci,xi) A ... A (C r ,x r )), or Z(Ci A ... A C r ) in DM_ cff (fc) as 
follows 



Z(Ci A ... A C r ) = C*(Ztr(Ci,xi) ® . . . ® Z tr (C r ,a; r ))[-r] 
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4.2. The restriction Z( A (Ci,Xi))\x of Z( A (C^,^)) to the Zariski site of 

2=1 i—l 

X G Sm/k is a complex of sheaves in Zariski topology and the motivic coho- 

r r 

mology groups EF^((A, A (C,-,£i)), or R r ^(X, A C r ) are defined to be the hy- 

i—l i—l 

r 

per cohomology of the motivic complexes Z( A (Ci 7 Xi)) with respect to Zariski 

i—l 

topology: 

H^(X, A (C7i,a i ))=HS or (A:,Z( A (Q, 

i—l z— 1 

4.3. As in [TriUaj we have 

Ml is (X,Z( A (C i ,^))U) = Hom DM a (f(fe) (M gm (X),Z( A (C.a^W) 

2—1 " 't— 1 

Moreover if A; is a perfect field as in jCohThj Proposition 3.1.11, we have 

w^ Zar {x,z{K(c ll x l ))\ x ) = mi ls {xMUc l ,x l ))\ x ). 

2 — 1 1=1 

4.2 Fundamental properties 

4.4. (Product structure) Let (Ci, a%), . . . , (C s ,a s ), (Di,bi), . . . , (D t , b t ) be pointed 
smooth curves over field k. As usual motivic complexes, we have canonical mor- 
phism 

Z( A (Ci,Oi))®Z( A (£>j,6j)) ->Z( A (Q.Oj) A A (£>,•, &,)). 

1—1 j — 1 1 j — 1 

Hence we get for any X E Sm/k the pairing 

H? M (X, A (Ci, di)) (g> ~H? M (X, UD^)) - H^*(X, A (Ci, ai) A A (Dj,bj)). 

i=l j = l i=l j = l 

4.5. Let (Ci, ai), . . . , (C r , a r ) be pointed smooth curves over field k. For any 

T V 

field extension L/k, we abbreviate (Spec L, A (C»Xfc£, <2iX fcidj,) as HjL(L, A Ci). 

i—i i—i 

By definition, we have 

r 

H*,(L, A C i )=H i _ p (a((9)Z tr (C i x fc L,a ( x fc id L ))(Speci)). 

2—1 

1 . (i . (Norm map) In 14.51 if we assume L/k is a finite field extension, then using 
the description of 14. 51 and the proper push-forward of cycles induces a map 

N L/fe :H^(L, A Ci)^B p M (k, A Ci). 

2—1 2—1 

From the corresponding properties of proper push-forward, the following prop- 
erties are immediately verified. 

For finite field extension k C L C M and x E H P M (M, A C) and y G H P M (L, A C) 
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then we have 

(1) N M/L (y M .x)=y. N M/L (x) and N M/L (x . y M ) = N M / L (x) . y 

(2) N M/k (x)=N M/L (N L/k (x)) 

(3) If M/k is a normal extension, we have 

Ni/fc(a:)Af = [-L : k] insep S 

j:M'— iL 

Example 4.7. Let (C, x) be a pointed projective smooth curve over k. Then 
we have 

H^(fc,(C,x)) = Ker(CH (C) d A s Z). 

Example 4.8. Let X be a smooth curve over fc. A good compactification of X 

is a pair (X,Xoo) such that there is an open embedding X X, X is proper 
non-singular curve over k and — X — X has an affine open neighborhood 
in X. 

Let (C, x) be a pointed smooth affine curve with a good compactification {X, X^), 
then 

(k, (C, x)) = Ker(Pic(X, X x ) ^ Z) 

where Pic(A^,Xoo) is the relative Picard group. The elements of Pic(X,X oc ) 
are the isomorphism classes {C, t) of line bundle C on X with a trivialization t 

On Xryo. 

4.9. In 14.71 for finite field extension L/k, using the property 14.61 (3), we know 
through isomorphisms in !4.7l norm maps in !4. Bl and classical one are compatible. 

5 Calculation of motivic cohomology groups at- 
tached to pointed smooth curves 

5.1 Pro-motives 

In this subsection, we will briefly review the result of |MotGe| . 

5.1. Let A be a tensor triangulated category. We consider Pro- A the pro- 
category of A. Then the following facts are fundamental. 

1. Pro- .4 is additive. 

2. The shift functor of A induces an auto- functor of Pro- A 

3. There is a unique tensor structure over Pro-^4 such that ® commutes projec- 
tive limits. 

5.2. In the notation above, we call any triangle in Pro- A isomorphic to formal 
projective limit of distinguished triangles of A a pro-distinguished triangle. Let 
H : A op — > Ab be a cohomological functor. Then the functor 

H : (Pro-A) op 3 (X t ) ie / i-> injlimiJ(X i ) 6 Ab 

iei°p 

sends pro-distinguished triangles to long exact sequences. 
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5.3. Let O be a fc-algebra. We say O is local smooth over k iff there is an 
formally smooth of finite type fc-algebra A, and a prime ideal x of A and an 
isomorphism O ^ A x . 

Since k is perfect, O is local smooth iff it is regular and essentially of finite type. 

5.4. Let O be a local smooth fc-algebra. A model of OJk is a pair (X, x) consist 
of a smooth scheme X and a morphism x : Spec O —>■ X such that, if we write 
the image of closed point of SpecO to x, induced morphism x" : Ox,x — > is 
an isomorphism. 

We put 

M snw {0/k) := {A CO; (Spec A, SpecO in 5P Spec A) is a model of O/k}. 

M sla °(0/k) is not empty and filtrant for inclusion, (c.f. |MotGe| Lemma 3.1.5). 

5.5. 1. Let O be a local smooth fc-algebra. We consider a pro-object of Sm jk 

(O) := {SpccA} AeMBln a {0/k} . 

2. Let X be a smooth scheme and x 6 X, we define localization of X in cc as a 
pro-object of Sm /fc. 

X x :— {U} xe u c x 
where U runs through the open neighborhood of x. 

5.6. (c.f. MotGe Lemma 3.1.8) Let O be a local smooth fc-algebra, and (X, x) 
a model of O. Then x induces a canonical isomorphism 

(O) -> X x . 

5.7. Let be a local smooth fc-algebra and n, m E Z. We consider a pro-object 
of Pro-DM gm (fc) 

M gm (SpecO)(n)[m] := {M gm (Spec A)(n)[m]} j4e A^=mo (c , /fc) . 

Next we define a residue morphism associated to a discrete valuation. 

5.8. Let E/k be a field extension of finite type, v a valuation of E/k, O v a 
valuation ring of v and (X, t) a fc-model of O v . We say a special point of (X, t) 
for image of closed point of Spec O v for t and denote by s._ 

We say that (X, t) is a strict fc-model of 0^ iff closure {s} in X is a smooth 
scheme. 

Any discrete valuation ring O v essentially of finite type over fc admits a strict 
fc-model. (c.f. |MotGe| Lemma 4.5.3). 

5.9. Let E/k be a field extension of finite type, v a valuation of E/k, O v a 
valuation ring off and (X, t) a strict fc-model of O v . Put Z := {s}. Since (X, Z) 
is a smooth closed pair of codimension 1. We have a distinguished triangle of 
the form 

M gm (Z){l} 9 ^f M gm (X -Z)H M gm (X) ±1 . 
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Since this triangle is natural for inclusions of open sets in X. (c.f. I3.22[) Con- 
sidering a cofiltrant system of open neighborhoods of s in X, we get a pro- 
distinguished triangle 

M gm (Z s ){l} 9x ^ Zs M gm (X s - Z.) *3 M gm (X s ) ±J . 

Since (X, s) is a fc-model of 0„, a morphism s : SpecO^ — ► X induces an 
isomorphism of pro-object (O v ) — > X s ; Hence we get a pro-distinguished triangle 
isomorphic to the form 

M gm (Specfc(v)){l} ° x A Zs M gm (S P ec^) M gm (Spec0„) ^ 

where -E (resp. k(v)) is a fraction field (resp. residue field) of v, i : O v — > -E is 
a canonical inclusion. 

Lemma 5.10. (c.f. 'MotG^ Lemma 4-5.5.) 

Let E/k be a field extension of finite type, v a discrete valuation of E/k, O v a 
valuation ring of v and k(v) is this residue field. 

Then adopting the notation above, if (X, s)_and (Y,t) are two strict k-models of 
O v , put Z := {s} closure in X and T := {t} closure in Y . Then we have 

dx s ,z s = dy t ,Tf 

5.11. Let E/k be a field extension of finite type, v a discrete valuation of E/k. 
We define a residue morphism associated to v, denoted by d v defined by d v := 
d(x s ,z s ) where (X, s) is a strict fc-model of valuation ring of v. By Lemma 15.101 
this does not depend on a choice of a strict fc-model of valuation ring of v. 

So we have the following pro-distinguished triangle of the form 

M gm (Specfc(w)){l} h M gm (Spec£) £ M gm (Spec O v ) ±1 . 

Having defined residue morphisms, we explain the connection of Milnor K- 
groups and Horn sets in Pro-DM gm (fc). 

5.12. Using the distinguished triangle in 13. 261 and the definition of tensor struc- 
ture in DM" ff (fc), for any ngN, there is a distinguished triangle of the form 

n 

Qm^ig,,,"- 1 ) -> M gm (G m ") * zm ±i . 

i=l 

where the first morphism is induced from sum of n closed immersions 

i 

ii := id x id x ... x 1 x ... x id x id . 

5.13. Let E/k be a field extension of finite type. / : M gm (Spec£') — » M. and 
g : M gm (Spec E) — > TV are morphisms in Pro-DM gm (fc). Then we can extend 
the definition of external cup product / E>3 g : M gm (SpecE) — > M. ®M. 



22 



If M. = Z{p} and N = Z{g}, we have a canonical isomorphism Z{p} (g) Z{q} ^> 
Z{p + g}. Then we have the following identity 

a IE /3 = -(3 E a. 

(c.f. jMotGej Remarque 4.4.2.) 

5.14. Let E/k be a field extension of finite type. Then we have a morphism 
(E x ) n Z> Hom(Spec£,G m ") 

"5° Honi Pl . _ DMgm(fc ) (M gm (Spec E), M gm (G m ™)) 

Hom(M gm (SpecE),p„) p s ™ f n 

— > Hom Pro _ DMgm(fc ) (M gm (bpec Zjnj). 

This map induces a morphism 

a : (£) -» Homp ro _ DMgm ( fc )(M gm (Spec£;),Z{n}). 

5.15. In the notation above, for any x 6 (E x )® n and y e (^x^®™^ we nave 

a(:r 8> y) = a (a;) £3 a(y). 

Theorem 5.16. fa/. }MotGef Theorem 4-4-4) 

(Need the assumption of perfectness ofk.) In the notation above, 

a : K?{E) - Homp ro _ DMgm ( fe )(M gm (Spec£),Z{*}) 

is an algebra isomorphism. 

5.2 Motivic reciprocity law 

The classical theorems "Weil reciprocity law" and "residue formula" are unified 
using Milnor K-groups. More precisely, the following statement is known, (c.f. 

5.17. (Reciprocity law for Milnor K-groups) 

Let K be an algebraic function field over a field k. Then the following composi- 
tion are the zero maps for all non-negative integers n. 

K&m ®- ©j^(*(iO) SN - ,/fc K»(k) 

V 

In this subsection, we will prove more fundamental style of the following reci- 
procity law. 

Theorem 5.18. (Motivic reciprocity law) 
The following composition 

M gm (Specfc){l} ENfc ^ fc{1> f[M gm (Specfc( V )){l} ^ M gm (SpecK) 

V 

is the zero map in Pro-DM gm (fc). 
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5.19. Let K/k be a field extension of transcendental degree one. Let C/k be a 
projective nonsingular curve such that K (C) = K. As in the previous subsec- 
tion, we can construct the following pro-distinguished triangle in Pro-DM gm (/c). 

M gm (Spec^)^M gm (C) 

II M gm (Specfc(a;))((l)) n ^ [11 M gm (Specif)[l] 

:r£C:closcd points 

This is constructed as follows: For any closed set Z C C, there is the Gysin 
triangle 

M gm (C -Z)^ M gm (C) -> M gm (Spec%))((l)) dc ^ 1] M gm (C - Z)[l] 

xez 

and we consider M gm (Spec K) = {M gm (C-Z)} ZcC .. closcd subso ts 6 Pro-DM gm (fc) 
Lemma 5.20. 

In the notation above, for any closed point x £ C , the diagram of structure 
morphisms 

Spec k(x) — >- C 

Spec k 

induces the following commutative diagram: 

M gm (Specfc(z))((l)) X M gm (C) 




M gm (Specfe)((l)). 

Proof. First choose a finite equidimensional morphism C A P 1 which is unram- 
ified at every points over Tt(x). (This can be done by using Bertini theorem.) 
Next using EOI and Proposition 13. 251 we may assume C = P . Replacing P 1 by 
^k(x) anc ^ usm S Proposition 13 . 251 again, we may assume k(x) — k. In this case, 
i* op* = id by Lemma OSD and ESS □ 

5.21. Hence we get the following diagram: 

M gm (Specfc)((l)) 

^^^^ SN Mx)/fc ((l)) 

M gm (C) M g m(Specfc(x))((l)) ^M gm (C-Z)[l]. 

Taking a limit with respect to Z , we get the motivic reciprocity law. 
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Next we prove that the motivic reciprocity law implies the Weil reciprocity law 
for Milnor if-groups. 

Lemma 5.22. 

In the notation above, let v be a valuation of K/k, O v a valuation ring of v, ir 
a uniformizer element of O v . Then the following diagram is commutative. 



M gm (S P ecfc( V )){l} 



M gm (Spec (%){!} 



■M gm (Specif) 



a(7r)ElidM gm (SpocK) 



M gm (Spe Cj FQ{l} 



Proof. Take a strict fc-model of SpecO v . Denote it by (X,s). If we take X 
sufficiently small, ir £ O v —> Ox,s determines a regular function X — > A£ which 
parameterizes Z. Using Proposition 13 . 2 71 and considering a cofiltrant system of 
open neighborhoods of s in X, we get the following commutative diagram of 
pro-motives 



M gm (Z s ){l} ■ 



M gm (X s ){l} 
Hence we get the result. 



^M gm (X s -Z s ) 

M gm (7r)opiKlid Mgm(Xs _ Zs) 

M sm {X s - Z S ){1}. 



□ 



Example 5.23. In the notation above, for any discrete valuation v of K/k, 
there is a commutative diagram 



K™ +1 (K) 



Hom(M gm (Spec J fs:),Z{ri + 1}X^ 

Honi(a„,Z{n+l}) (-1)" 

Hom(M gm (Spec k(v){l}, Z{n + 1}) * K*f(k(v)). 



Proof. For u\, . . . , u n+ \ £ O* and a uniformizer it, it is enough to check the 
following two conditions. 

1 Hom(<9„,Z{n+ l})(a({ui, . . .,u n+1 })) = 

2 Rom(d v ,Z{n + l})(a({«i, . . . ,u„,7r})) = (-l) n a({«T, . . . ,u^}) 

To prove 1: Notice that there is a pro-distinguished triangle as follows (c.f. 15.11} ! 



M gm (S P ecfc(w)){l} % M gro (Specif) -> M gro (Spec0 1; ) ±J 
To prove 2: Anti-commutativity of M (c.f. 15.13}) and Lemma \5. 221 



□ 
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Example 5.24. Let K/k be a field extension of transcendental degree 1, (C,x) 
be a pointed smooth curve and v a place of K/k. There is a tame symbol d v : 
3a,cC(K v ) ® K* — > Jac(7(fc(w)). Then the following diagram is commutative. 

Hom DMotf(fc) (M gm (SpccA:„)^(C,x)[l]) 

Jac C{K V )® K* ® 

Hom DMotf(fc) (M(SpccK„),Z(G m ,l)[l]) 
IH 

dv Hom DM _ Bff(fe) (M(Spec^)[l],Z(C )a; )(l)[3]) 

-Hom(8„,Z(C,x)(l)[3]) 

Jac C(fc(u)) Hom DM e« (fe) (M(Spec k{v)) (1) [2] , Z(C, a:)(l)[3]) 

This is proved in the same way as Example 1 5. 2 31 
Corollary 5.25. 

The motivic reciprocity law implies the Weil reciprocity law for Milnor K- groups. 

Proof. Take Hom(?, Z{n + 1}) and use Theorem 12. 221 Theorem 15.161 and notice 
Example EH and Example IST25I □ 

5.3 Main result 

5.26. In this section, let k be a perfect field which admits resolution of singu- 
larities and (Ci, ai), . . . , (C n , a n ) pointed projective smooth curves over k. 

5.27. Let p : Z — > Aj^ be a finite surjective morphism and suppose that Z is 
integral. Let /, G Hom(Z, d) and 

^(j) = LH4 (i = o,i) 

where n\ are the multiplicities of points z\ = Spec L\ . Define: 

4>j = Sn?{/i,...,/ n }^ /fe 

then we have 

in K(k, JacCi, . . . , JacC„). 

The proof is similar to |MVW02j . p. 45 Corollary 5.5. 

5.28. As <3>iLi Ztr(Q, aj)(Spec fc)) is a quotient of the free abelian groups gen- 
erated by the closed points of C\ x . . . x C n modulo the subgroup generated by 
all points of the form (x\, . . . , ai, . . . , x n ) where the aj's can be any position. If 
x is a closed point of C\ X . . . X C n with residue field L then x is defined by a 
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canonical sequence (x\, . . . , x n ) £ JacCi(L) x . . . x JacC„(X). 
Since 

n n 

R n M (k,AC t ) = Coker((g)Z tr (a,a,:)(Ai) ^ (g) Z tI (d, ai )(Spec fc)) 

i=i i=i 

n 

using 157271 we have a natural map H^(fc, A C 4 ) — ► if(fc, JacCi, . . . , Jac C n ). 

2=1 

5.29. Using |4~71 for every finite field extension L/k we have an isomorphism 

n n 

0JacQ(i) ^(g)H^(i,a). 

i=l i=l 

Combining a natural pairing in 14.41 

n 

(g)H^(i,a-)^HX((i,.Aa) 

v —- ' i— i 

and a norm map (c.f !4.6|) 

n n 

N L/fc : H-m(L, A d) -» H^(fc, A Ci) 

I— 1 i— 1 

we get a canonical map 

n 

© (gjJacC^L^H^O, A Ci). 

L//c:finitc extension . -. 1 
' i=l 

If we use kLGI fl 1 ). Theorem l4.9l Theorem l5 . 1 81 and Example l5.24l this map should 

n 

factor through the map K(k, JacCi, . . . , JacC„) — > H^,(fc, A Ci). 

2=1 

5.30. Obviously the morphisms above are inverse to each other. Hence we get 
the following result. 

Theorem 5.31. (Somekawa conjecture for Jacobian varieties) 

Let (Ci, ai), . . . , (C„, a n ) be pointed projective smooth curves over perfect field 

k which admits resolution of singularities. Then 

K{k, JacCi, ■ • ■ , JacC„) ^ Hom DM cit r k \ (M(Spec A;), Z( A Ci)[n]). 

i—l 
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